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Constrained steering laws for control-moment gyroscope (CMG) arrays can avoid internal singularities without inducing torque error or requiring precomputed momentum paths, making such steering laws worthy of further study. This paper proposes a generalized framework for constrained steering laws that are linear with respect to the gimbal rates by augmenting the system's Jacobian matrix with constraint equations. The derivation of this generalized framework is followed by a discussion of constraints used in laws of this type and general principles for designing a singularity-free constraint. A CMG array consisting of three scissored pairs provides an example of how a known steering law fits into this framework. A new steering law based on orthogonal triplets of single-gimbal CMGs is developed with the help of the proposed methodology. Simulations of the Violet nanosatellite's attitude-control performance verify the results of this new steering law.
Nomenclature A = system matrix augmented with constraint law c = nonzero scaling value for the cross-product component of the constraint equation 1 = scaling value for the first row of the Jacobian in the constraint equation 2 = scaling value for the second row of the Jacobian in the constraint equation C = m n matrix of general constraint equations relative to the gimbal rates C = m n matrix of general constraint equations relative to the gimbal angles D = m 1 matrix of the solution to the constraint equations relative to the gimbal rates D = m 1 matrix of the solution to the constraint equations relative to the gimbal angles d = scalar term in the constraint equation h = magnitude of the angular momentum of an individual CMG J = 3 n system Jacobian matrix m = number of scalar constraint equations in a constraintbased steering law n = number of CMGs in an array = scalar constant = determinant of the A system matrix C = commanded 3 1 matrix of torque scalars for spacecraftbody reference axes j = single, scalar torque component of C x i = the value of scalar x-component torque distributed to the ith triplet = n 1 matrix of gimbal angles (made up of i ) _ = n 1 matrix of gimbal-rate commands (made up of _ i ) = individual CMG gimbal angles I. Introduction C ONTROL moment gyroscopes (CMGs) are momentumexchange actuators used to control the attitude of a spacecraft. One or more gimbals tilt the CMG's rotor, and in doing so, the gimbal precesses the CMG's angular-momentum vector to produce a torque that is largely due to a kinematic constraint. Therefore, CMGs require less power to produce the same torque than reaction wheels, which accelerate or decelerate the rotor instead. CMGs are particularly useful in applications requiring high slew rates or large torques. Although several types of CMGs exist, including variable-speed CMGs [1] and double-gimbal CMGs [2] , the single-gimbal CMG (SGCMG) offers a combination of cost effectiveness and mechanical simplicity that makes it attractive for implementation in space systems [3] . This paper considers only SGCMGs and drops the "SG" from the acronym, in keeping with common practice. Because the rotor of a CMG gimbals about only one axis, it can provide only a single actuation degree-of freedom. A minimum of three is necessary to achieve full attitude control instantaneously, although it is more common to use an array of four or more for singularity avoidance or redundancy purposes. A CMG array is controlled by a steering law, an algorithm that governs how the CMGs move within the array (usually via commanded gimbal rates) to provide the required threeaxis torque. CMG steering laws determine the gimbal rates necessary for the CMG array in response to a torque commanded by the attitude-control system for feedback control of the spacecraft attitude dynamics.
A significant drawback of CMG arrays is the presence of kinematic singularities at certain gimbal configurations. These singularities are points at which the array is incapable of instantaneously producing torque in a particular direction, which results in a loss of controllability. A major research focus in the community has been designing steering laws for CMG arrays such that an attitudecontrol system is capable of handling these singularities despite the practical hardware-and operations-related limitations of contemporary space systems [4] [5] [6] .
A certain class of CMG steering laws uses linear constraints (in hardware or software) to avoid singularities while finding an instantaneous solution without inducing error in the torque imparted to the spacecraft. Despite the fact that several variations of this steering law exist in the literature [7, 8] , a generalized form of this particular CMG steering law has yet to be presented. Once in a generalized form, the problem is freed from specific array geometries or constraint laws, which opens up the design space to the possibility of optimized configurations. This paper presents a generalized mathematical description of steering laws with linear constraints and uses the familiar array of three scissored pairs to explain the formulation. It then provides an example based on Cornell University's Violet nanosatellite, which uses six CMGs in triplet combinations, to demonstrate the validity of the formulation.
II. Background and Context for CMG Steering Laws
Although CMG steering laws have been studied at length for decades, they are still an area of active research, primarily because no one category of solutions appears to satisfy all of the requirements for an ideal steering law. Most published approaches to this problem fall roughly into one of six categories [9] , although there is overlap: the Moore-Penrose pseudoinverse [10] , singularity-robust pseudoinverse and similar solutions [11] [12] [13] [14] [15] , offline-planning [16] , preferred gimbal-angle laws [17] , gradient or null-motion methods [11, [18] [19] [20] , and constraint-based steering laws [7, 8] . Each method has different advantages and characteristics, but a perfect solution has yet to be found [9] . Table 1 lists the characteristics of broad categories of steering laws and assesses them in terms of the attributes of ideal steering laws.
Even if a perfect steering law does not exist, describing the characteristics of such an ideal helps to clarify the shortcomings of existing laws and to direct future research. Although the performance criteria for steering laws can be broken down into more descriptive subcategories [10] , in general, an ideal steering law must 1) accommodate singularities, 2) provide error-free torque to the precision of the hardware, 3) accommodate hardware limitations (such as gimbal-rate saturation and computational throughput), 4) provide efficient performance (such as maximal usage of the available momentum space), 5) require no knowledge of future torque commands, and 6) be general enough to support the full range of maneuvers and CMG configurations (e.g., CMG failure cases)
Any CMG-based attitude-control system must be implemented with the array's singularities in mind. Steering laws that prevent the CMGs from encountering singularities at all are broadly referred to as singularity-avoidance laws, whereas those that are designed to enable the array to pass through singularities are called singularityrobust laws. Steering laws that do not address singularities, such as the Moore-Penrose pseudoinverse, are generally inappropriate unless the attitude-control design restricts the array's workspace to a nonsingular region [21] . Instead of being used directly, such laws may be part of a more subtle scheme that does handle singularities.
Accuracy is an important performance metric for steering laws because CMGs are particularly well suited to highly agile spacecraft, such as commercial imaging satellites. Therefore, the applications for which most CMG arrays are being considered have demanding requirements for precise attitude control. A large category of CMG steering laws, the singularity robust variety, intentionally adds error to the solution as a way to sidestep singularities, producing torque errors that are relatively small except when the array is nearly singular. Although this method is easily implemented and can produce usable torque, that torque is precise enough and nonsingular only within a small subregion of the available momentum. If the array approaches singularity, gimbal rates can exceed the hardware limits, accuracy is sacrificed, and the determinacy of the solution is not guaranteed. Accuracy requirements for agile spacecraft make exactness the driver instead of the mere simplicity of such laws.
CMG steering laws should also be designed to prevent infeasible commands to the hardware. In particular, an ideal steering law should never call for excessive gimbal rates or accelerations. Some categories of steering laws can produce gimbal-rate saturation, resulting in reduced controllability. Although these laws can provide some measure of singularity avoidance, an ideal solution necessitates that they do so without requiring gimbal saturation.
Any successful steering law must be shown to provide torque and momentum performance appropriate for the size, weight, and power of the array. The efficiency of different classes of steering laws is a metric that is open to debate, but it is generally agreed that methods that severely constrain the operating envelope of the array by design, particularly in CMG failure cases, are not ideal. Some types of steering laws fall into this category by sacrificing momentum workspace to handle singularities (including some constrained laws such as scissored pairs of CMGs). However, an ideal law would maximize the use of the array's total momentum envelope while limiting the number of individual CMGs and the power used.
A steering law must also be capable of interpreting a torque command and implementing it in real time on the spacecraft with no explicit knowledge of the future. This requirement on array steering is distinct from any feedforward that the attitude control might implement. Instantaneous responsiveness is ideal because laws that can manage it can directly map commands into CMG motion without the imprecision that comes with unavoidably imperfect future knowledge. Offline approaches to developing singularity-free paths for the CMG array [22] , though often providing excellent simulated performance (if the algorithm is properly formulated and not overconstrained), generally require computationally intensive models that may be impractical on actual spacecraft hardware. Furthermore, these approaches cannot account for all of the subtleties, such as noise and unmodeled dynamics, which are inevitably present in any closed-loop system. Thus, it is desirable for an ideal steering law to be instantaneously responsive. Finally, steering laws should be independent of the particular maneuvers commanded by the spacecraft and should not need to be replaced with an entirely different algorithm in the case of a CMG failure. The more general the steering law is with respect to the maneuver and the array geometry, the more robust the system is to unexpected torque commands or failure cases. Unfortunately, a generalized steering law is much more complicated to design, and thus, many steering laws specify applicable array geometries [9, 19, 20] . Although these solutions are often very well suited to their specific array geometry, an ideal steering law would be general enough to handle changes in the array configuration.
Although Table 1 by no means offers as detailed or as nuanced a description as these different techniques deserve, it does provide a clearer picture of which steering laws are more promising. Some of the categories are intrinsically nonideal by the proposed metrics. For example, offline-planning approaches are by definition not instantaneous. So, it follows that the ideal solution to CMG steering is probably not to be found among these categories. However, working to understand some of the other laws in a more general way may provide the framework necessary for developing an ideal steering law. Algorithms that use constraints to steer the array on a nonsingular path fall into one such category.
The remainder of this paper examines a generalized formulation for steering laws based on linear constraints. These laws constrain the motion of the CMGs, taking into account torque and angularmomentum limitations a priori to prevent the array from encountering internal singularities. By studying a more general form of this class of steering laws, it is possible to gain insight on better ways of designing them. Although this paper focuses on linear constraints in particular, constraints need not always be linear with respect to the gimbal rates, as found by Kurokawa [8, 23] . However, the linear formulation provides distinct advantages in implementation, making them worthy of in-depth study. Section III describes a general form for these steering laws and describes special cases of this form. Section IV presents simulation results for a new linearly constrained steering law designed for Cornell's Violet nanosatellite, an in-orbit CMG testbed.
III. Generalized Form for Linearly Constrained
Steering Laws
A. Description
An expression for the commanded torques in terms of the gimbal rates is shown in Eq. (1):
where J is the Jacobian for the CMG array (the partial derivative of its total momentum with respect to the gimbal angles), c is the commanded torque vector in body coordinates, and _ is the n 1 array of gimbal rates meant to achieve that torque. This equation is solved using a pseudoinverse as shown in Eq. (2):
Many pseudoinverses exist [24] and can be used to solve for the CMG gimbal rates. The singularity-robust pseudoinverse [11] is an example. However, CMG steering laws, including those considered in this work, begin with an approach that uses the Moore-Penrose pseudoinverse, as shown in Eq. (3):
The JJ T term can be rank deficient, and therefore noninvertible, which is the mathematical basis for array singularity. So, as the first step in ensuring that the inverse of the JJ T term exists, constraint equations can be appended to the Jacobian. Equation (4) is a general description of a set of linear constraint equations:
where D is an m 1 matrix, and C is an m n matrix. Equation (1) can be augmented as follows:
which leads to an augmented system matrix A. A nonzero D and C provide a more general form of a steering law that is based on the Moore-Penrose pseudoinverse. Alternatively, one can argue that C and D are zero in Eq. (3) and that the resulting solution simply minimizes the norm of the gimbal rates. Equation (6) shows the more general form of a linearly constrained steering law:
Using the constraint matrices not only minimizes the norm but can also provide the singularity-avoidance properties required of an effectual steering law. Using an augmented form of A that includes the system kinematics and the constraints on the system can ensure full rank for the inverse and thus avoid singularities. This description of the linearly constrained steering laws provides a first step toward generalizing this class of steering laws. Because an appropriate set of D and C matrices can produce a singularity-free motion, the selection of these values is not trivial. Subsequent sections offer some insight into this process.
B. Principles of Constraint Design
The generalized form of the constrained steering laws in Eq. (6) can accommodate diverse arrays and numbers of constraints. Although the constraints must be linear with respect to the gimbal rates, common types of constraints take this form. For example, a holonomic constraint that specifies the gimbal angles explicitly can be written in the following form:
Differentiating this type of constraint, assuming that the constraint is a linear combination of the gimbal angles and thus theC matrix is constant, puts it into the form of Eq. (4):
This approach requires the specification of the initial conditions. The scissored-pair steering law is an example of this type of constraint and is discussed in more depth in subsequent sections. In general, freedom from singularities requires specific initial conditions (akin to preferred gimbal angles) and carefully chosen constraints. If they are chosen correctly, the resulting CMG gimbal motion is thereby constrained to a singularity-free subspace of all possible gimbal-angle combinations.
In general, such a formulation also allows for an arbitrary number of constraints, as an array of CMGs may be capable of producing singularity-free motion with either an underconstrained or an overconstrained Jacobian. However, for simplicity, the examples in the remainder of this paper consider only fully constrained systems, where the number of constraints m must result in a square Jacobian. Thus, when considered against the number of CMGs available, n, for a three-dimensional space, the total number of constraints is m n 3
The result is a deterministic, one-to-one mapping of momentum to gimbal angles. Naturally, a healthy spacecraft has n 3 CMGs; any additional constraints exploit the null space represented by four or more CMGs. For example, controlling a three-dimensional momentum space with four CMGs requires only one constraint. A fully constrained system produces a square A matrix, which in turn means that the pseudoinverse in Eq. (6) can be replaced with a simple matrix inverse. It is also worth noting that, in order for a constraintbased steering law to operate properly, the constraint must be fully enforced despite its numerical implementation. Therefore, some amount of low-bandwidth feedback may be required to avoid an accumulation of numerical error that increasingly violates the constraint. Finally, Eq. (5) suggests that, in order for the A matrix to be nonsingular, the constraint matrix C must contain rows that are linearly independent of the Jacobian J at any time. Constraint equations must, therefore, comprise a complementary subspace to the rows of the Jacobian and simultaneously ensure that the J partition remains rank 3.
C. Example: Scissored-Pair CMGs
The well-established, linearly constrained steering law known as a scissored-pair arrangement provides a convenient example demonstrating how known steering laws fit into the generalized framework [7] . In a scissored-pair configuration, two CMGs with parallel gimbal axes are constrained such that their gimbal angles are equal in magnitude and opposite in direction ( 1 2 ). Alternatively, the angles can be constrained to be the same ( 1 2 ) but with gimbal axes exactly opposite of each other. This simple constraint can be enforced either in hardware (which offers some additional benefits) [25] or in software. The scissoring motion caused by this constraint produces an output torque along a fixed direction determined by the gimbal axes, as shown in Fig. 1 . Therefore, complete 6 deg-offreedom control requires three scissored pairs, i.e., six individual CMGs. The arrangement shown in Fig. 2 is used for the purposes of this example.
Scissored-pair arrangements of CMGs are singularity free, except at the saturation singularities, where the pair produces the maximum momentum of which it is capable. If unconstrained, each of the pairs of CMGs would offer a 2h-radius circular momentum envelope with a singularity at the origin. With the constraint, the pair operates within a reduced but nonsingular cube-shaped envelope that is 4h on a side. Because the saturation limit of the constrained system is well inside the overall array momentum boundaries, this configuration of CMGs is generally not considered cost effective, despite its singularity-avoidance properties and its relative simplicity. Figure 2 shows six CMGs aligned along the three orthogonal axes in pairs with opposite gimbal axes. Whether or not a scissored-pair constraint is in force, its Jacobian is as follows: 
For this arrangement to act as a collection of scissored pairs, the constraint equations can be expressed as the set of three equations: 
Taking the derivative of these constraints as suggested in Eq. (8) produces a similar constraint on the gimbal rates. In a matrix form, the gimbal-rate constraints are 
The singularity-avoidance properties of this particular steering law are evident in the determinant of the newly formed A SP matrix from Eq. (13). The singular points, i.e., where Eq. (14) vanishes, are where 1 , 3 , and 5 become =2 or =2 for each scissored pair. A SP Fig. 1 Scissored pair of CMGs. 
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remains nonsingular at any point within this range. These angles represent the saturation of the gimbals, showing that the system has full rank for gimbal angles below saturation. Although this result simply confirms what has already been known about scissored-pair steering laws, it serves as an example of the power of the generalized formulation.
IV. Triplet Steering Law
The generalized form of the linear constrained steering law can also be used to better inform the development of new steering laws of this variety. The triplet steering law was developed using the generalized framework and can be shown to yield effective singularity-free motion with the many advantages that constrained steering laws inherently possess.
A. Theoretical Discussion
The case of a planar CMG momentum envelope, where the gimbal axes of the CMGs are all parallel, provides a convenient starting point for the development of a steering law for sets of parallel CMGs. In such an array, a single CMG leads to a one-dimensional momentum manifold because only a single gimbal angle changes. With two CMGs, the momentum vectors can add to produce torque in both directions that span the plane, as long as the gimbal rates are kept within saturation limits. The mapping from a two-dimensional torque to two gimbal rates is one-to-one, which means that there is no alternative, singularity-free path that avoids those cases when the Jacobian is singular.
However, if three CMGs' momentum vectors lie in this plane (a triplet), the additional CMG adds a degree of freedom (so that, for example, an infinite number of gimbal angles relative to the body axes can correspond to the zero-momentum state, as shown in Fig. 3) . The three-CMG configuration has an internal singularity in which the three momentum vectors are collinear and two momentum vectors exactly cancel out. Such an arrangement is shown in Fig. 4 . The momentum of this triplet array can be represented by the vector sum of the three component momentum vectors, that is, by arranging the three vectors head to tail. In this momentum-space representation, the internal singularity manifold is a ring 1h in radius around the center of the axes.
Solving for the gimbal rates in a CMG triplet requires one constraint equation for a two-dimensional workspace. This constraint must be designed to successfully avoid the internal singularity while also providing the required torque by exploiting the null-space of the Jacobian. The triplet configuration has a 2 3 Jacobian, as shown in Eq. (15), where J 1 and J 2 are the top and bottom rows of the Jacobian, respectively. 
To ensure that the constraint equation maintains the rank of J, the constraint equation must be linearly independent of the two rows of the Jacobian at any instant and must keep those two rows independent of one another. If the cross product of two vectors is nonzero, the two vectors are linearly independent. Therefore, a singularity-free constraint equation must include a scaled component in the direction of the cross product of the two rows of the Jacobian. Equation (16) shows the constraints written in the form of Eq. (4) [26] :
where d is a scalar solution to the constraint equation, 1 and 2 are scaling values for the component of the vector in the direction of the Jacobian rows, and c is a nonzero scaling value for the constraint equation. The solution presented as an example uses a value of zero for 1 and 2 and a value of 1 for c , such that the constraint equation is as shown in Eq. (17):
D determines the null motion needed to steer the array away from the internal singularity at 1h. Because C is orthogonal to the two rows of J, the singularities of the augmented matrix A [Eq. (5)] are simply the singularities of J.
B. Null-Space Constraint
Using the generalized constrained steering law formulation, the burden of designing the steering law shifts to designing a set of useful constraint equations. Within the context of a triplet CMG array, the theoretical guidelines for the constraint design make it possible to implement an efficient steering law that exploits the insights provided by the framework suggested by Eq. (5).
One of the constraint designs that has proven to be exceptionally effective uses null-space commands to keep the CMGs in a trapezoid configuration in momentum space [27] . As shown in Fig. 5 , one of the CMG momentum vectors in the trapezoid configuration is kept parallel to the array momentum vector, whereas the other two CMG momentum vectors form the sides of a trapezoid. All three vectors are parallel only at the edge of the momentum envelope. At the internal singularity at 1h, the two vectors forming the sides are orthogonal to the vector parallel to the total momentum vector, which is an ideal configuration for traversing the singularity.
For any total momentum vector within the array's momentum envelope, there are six sets of gimbal angles that cause the momentum vectors to form a trapezoid such that they sum to the same total momentum vector. Some may be redundant. The proposed steering law first determines which of the six trapezoid configurations is closest to the current (nontrapezoidal) gimbal-angle configuration. The closest configuration is the one that requires the least amount of null motion to move between it and the current configuration and is therefore the desirable target for the gimbal angles [27] . In implementation, this step is accomplished by computing the six possible trapezoidal sets of gimbal angles and then comparing those six possibilities to the current set of gimbal angles. The trapezoidal gimbal-angle set that is the closest in the 2-norm sense is then selected as the target configuration [27] .
The angles for the target trapezoid configuration are used in Eq. (18) to solve for D: ) where ' nt is the target gimbal angle for the nth CMG, and K is a 3 3 diagonal matrix of gains. The values of the entries of K determine how much effort is used to drive the CMGs to their closest trapezoid configuration and are chosen such that as much null-space effort as possible is used to keep the array close to a trapezoid without exceeding gimbal limits. The selection of entries in K can be done with brief numerical iteration or an optimization function [27] . For the simulations presented in this paper, the K values were chosen using a numerical optimization routine that searches through a grid of possible K matrices. All of these values are used to evaluate Eq. (18) to produce a set of possible D values. These D values are then used in Eq. (5) to solve for a set of _ ' values that correspond to every potential K matrix. Values that would cause the gimbal rate or acceleration limits to be exceeded are discarded. From the remaining pool of K values, which now all meet the hardware limitations of the system, the K matrix that moves the array closest towards the desired trapezoid configuration in the next time step is selected. The resulting optimal K matrix cannot cause the system to exceed hardware limitations because it was explicitly selected to meet these constraints. Once the optimal values of the K matrix are found, the corresponding gimbal rates are then sent to the actuators.
When implemented, this algorithm is not used close to the zeromomentum state because, at zero momentum, there are infinitely many possible trapezoids instead of the usual six configurations. Although torque is still available in any direction, the algorithm must be given a way of deciding the appropriate configuration of the momentum vectors without rapidly switching back and forth between two different target trapezoids. The constraint is therefore modified such that, within a small radius of the zero-momentum state, a Moore-Penrose pseudoinverse rule is used instead. Because the radius in which the pseudoinverse rule is used is much smaller than 1h, no problems with singularities are encountered by using the pseudoinverse, and the issue of very large gimbal rates near zero momentum is avoided. In the implementation on Cornell's Violet nanosatellite, the pseudoinverse rule is used only within 0:1h, which allows for enough null motion between 0:1h and 1h to properly condition the array. In the general case, the radius should be as small as possible but still large enough that the momentum can traverse the origin with bounded gimbal rates. In general, the choice of this radius depends on the application-specific requirement on simultaneously available torque and momentum.
where J 1 represents the 2 3 Jacobian of the first CMG triplet, and J 2 is the 2 3 Jacobian of the second triplet. C 1 and C 2 are the 1 3 constraint equations, as described in Eq. (17) , and D 1 and D 2 are solved for as described in Eq. (18) . The requested torque in the shared x direction needs to be distributed to both CMG arrays, such that the sum of x 1 and x 2 in Eq. (19) equals the requested torque in the x direction. The transformation matrix in Eq. (19) is determined by the orientation of the two triplets. In this case, the gimbal axes are pointed in the y and z directions such that the momentum envelope is greater in the x direction. The momentum envelope for this configuration is shown in Fig. 7 . The maximum extent is 6h in the direction orthogonal to both gimbal axes and 3h in the other two directions.
D. Orthogonal-Triplet Steering Simulation Results
The orthogonal-triplet steering law must be tested in both simulated and hardware environments to be considered a viable candidate for steering arrays for other spacecraft missions. This steering law is ultimately intended to be tested onboard Violet, Cornell University's entry into the University Nanosat-6 competition. Violet will be the first-ever high-agility nanosatellite, with up to 10 deg =s, 10 deg =s 2 , and 60 deg =s 3 agility. In this role, it will serve as an experimental testbed for validating CMG steering laws in orbit. Violet carries eight CMGs, of which six can be used simultaneously, offering many possible array geometries, such as a pair of orthogonal triplets. Because the orthogonal-triplet steering law will be tested on Violet's hardware, the simulation testing environment uses parameters from Violet's CMG array, as listed in Table 2 [28] . The inclusion of the gimbal acceleration limit is especially important because this steering law will be implemented on actual flight hardware, which cannot produce infinite gimbal accelerations.
To demonstrate the proposed steering law and thus the efficacy of the generalized formulation for linearly constrained laws, the results of 510 rest-to-rest slew simulations are shown in Figs. 8 and 9 and Table 3 . The slews are randomized rotations between 30 and 180 deg (which covers the interesting cases where the slews either cross or come close to the singularity) and are about randomized eigenaxes. The slews are shaped through an algorithm that ensures continuous derivatives at both ends of the slew. The final attitude of the spacecraft in each slew is properly randomized to ensure a uniform distribution [29] . Violet's kinematic limits are used to generate the slew, and Violet's hardware constraints are taken into account in the steering law. Similar rest-to-rest slews exemplifying the capabilities of a six-CMG array will be completed in orbit.
The minimum determinant of JJ T is plotted as a function of the total slew angle in Fig. 8 on a semilog plot in the y axis. The determinant in the plot has been normalized by dividing out a factor of h 6 (which has a value of 8:875 10 4 in this simulation given Violet's h of 0.31 Nms) because J is scaled by h. It is clear that the minimum determinant values do not reach the singularity value of zero over these 510 runs, providing confidence that the steering law is providing sufficient singularity avoidance. This result is supported by Fig. 9 , which indicates a very low (10 8 Nm) normalized torque error over the randomized slews. Although this method produces exact solutions to the commanded torque, the system still has small errors associated with the array's inability to immediately match the Gimbal axes for CMGs 1-6 (in satellite body axes) Table 3 . The different values for an individual slew are listed down the first column, and the statistical value for each is given in the appropriate row. The maximum values for the gimbal rate and acceleration never exceed the hardware limitations described in Table 2 . The very low torque error is also evident in these statistics.
To provide more detailed descriptions of the steering law's effect on a slew, results for a randomly selected example slew are shown in Figs. 10 and 11 . Figure 10 shows the rotation angle and angular velocity and their errors with respect to the target slew. As is evident in the plots, both errors remain small throughout the sample maneuver. Figure 11 shows the torque applied by the CMGs, the error with respect to the torque requested by the spacecraft, the magnitude of the angular momentum of the CMG array, and the determinant of JJ T . The array is able to provide the requested torque with very low error, even when the array is near the region where singularities are possible (1h). Although a decrease in the determinant of JJ T is noticeable, it is still far from zero, especially when the h 6 scaling is taken into account. The motion of the CMGs throughout the example maneuver can be seen in Fig. 12 , with a detail of the gimbal rates included for clarity in Fig. 13 . The gimbal rates and accelerations remain within their hardware constraints for the entirety of the slew, which contributes to the low torque error because the commanded CMG motion is physically realizable.
V. Conclusions
A constrained steering law provides an error-free, instantaneous algorithm for applying attitude-control torques with control moment gryoscope (CMG) arrays while avoiding singularities. The general framework proposed here for describing the steering laws with constraint equations that are linear with respect to the gimbal rates suggests that, by choosing linear constraints that lie in a subspace orthogonal to the CMG Jacobian, an augmented system Jacobian A can be made singularity free. This fact is demonstrated with a simple scissored-pair array example. Taking this idea one step further, one can define two-dimensional singularity-free momentum envelopes with a triplet set of CMGs. These triplets use a constraint that is orthogonal to the rows of the system Jacobian. It is possible to obtain momentum in all three attitude degrees of freedom by using two sets of CMG triplets arranged in nonparallel planes with a steering law responsible for distributing the torque between the two singularityfree triplets. An example of such a steering law is demonstrated through a simulation that shows its singularity-avoidance properties. A Monte Carlo simulation using randomized slews shows that the example steering law performance is not slew-dependent. Although this steering law is triplet-specific and neither requires a minimal number of CMGs, nor is general to a variety of CMG arrays, this example demonstrates the power of the generalized framework for developing singularity-free steering laws. Further work should investigate the possibility of using nonholonomic constraints in the context of the generalized formulation, and extensions of this work should attempt to describe a generalized formulation for all constraint-based methods, even those that are nonlinear in the gimbal rates. Once such an algorithm is developed, a study of various CMG configurations can be performed to determine which geometries provide the best balance of cost effectiveness and technological feasibility. 
